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BURNSIDE PROBLEM FOR GROUPS OF HOMEOMORPHISMS OF
COMPACT SURFACES.
NANCY GUELMAN AND ISABELLE LIOUSSE
Abstract. A group Γ is said to be periodic if for any g in Γ there is a positive integer
n with gn = id. We first prove that a finitely generated periodic group acting on the 2-
sphere S2 by C1-diffeomorphisms with a finite orbit, is finite and conjugate to a subgroup
of O(3, IR) and we use it for proving that a finitely generated periodic group of spherical
diffeomorphisms with even bounded orders is finite.
Finally, we show that a finitely generated periodic group of homeomorphisms of any
orientable compact surface other than the 2-sphere or the 2-torus (which is the purpose of
a previous paper of the authors) is finite.
1. Introduction.
Definition 1.1. A group Γ is said to be periodic if any g in Γ has finite order, that is,
there exists a positive integer n with gn = id.
One of the oldest problem in group theory was first posed by William Burnside in 1902
(see [2]): “Let Γ be a finitely generated periodic group. Is Γ necessary a finite group?”
It is obvious that an abelian finitely generated periodic group is finite.
In 1911, Schur (see [18]) proved that this is true for subgroups of GL(k,C), k ∈ N.
But, in general, according to Golod (see [7]) the answer is negative. Later, Adjan and
Novikov (see [1]), Ol’shanskii, Ivanov and Lysenok (see [15], [9] and [12]) exhibited many
examples of infinite, finitely generated and periodic groups with even bounded orders.
The problem raised by Burnside is still open for groups of homeomorphisms (or diffeo-
morphisms) on closed manifolds. Very few examples are known.
As a corollary of Ho¨lder theorem (see, for example, section 2.2.4 of [14]), it holds that a
finitely generated periodic group of circle homeomorphisms is finite. Note that, even in this
case, finiteness of the generating set is crucial: the group consisting of all rational circle
rotations is periodic and infinite.
Rebelo and Silva (see [16]) proved that any finitely generated periodic subgroup of C2-
symplectomorphisms of a compact 4-dimensional symplectic manifold is finite, provided
that the fundamental class in H4(M,Z) is a product of classes in H1(M,Z).
The authors proved (see [8]) that any finitely generated periodic subgroup of Homeoµ(T
2)
is finite, where µ is a probability measure on T2 and Homeoµ(T
2) is the subgroup of
orientation-preserving homeomorphisms of T2 preserving µ. Moreover, they showed that
every finitely generated 2-group of toral homeomorphisms is finite.
As a consequence of this result, we get the following
Corollary 1. Any finitely generated periodic subgroup of Homeo(A2) is finite, where A2 is
the closed annulus.
This paper was partially supported by the Labex CEMPI (ANR-11-LABX-0007-01), Universite´ de Lille
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The idea of the proof is to form the double of A2 by gluing two copies of A2 along their
boundaries. This will be explained in section 5.
In this paper, we study related questions. We first consider finitely generated periodic
groups of diffeomorphisms of the 2-sphere, S2 and prove
Theorem 1.
Let Γ be a finitely generated periodic group of C1-diffeomorphisms of S2. If Γ has a finite
orbit then it is finite.
Moreover if Γ consists in orientation preserving C1-diffeomorphisms and acts with a
global fixed point then it is abelian.
In order to relax the differentiability hypothesis, we have as a consequence of the proof
of Proposition 4.3, the following
Corollary 2. If G is a finitely generated periodic group of orientation preserving homeo-
morphisms of S2 and G has a finite orbit of cardinality at least 3, then it is finite.
In some cases, we are able to establish the existence of a finite orbit, in particular we
have the following
Corollary 3. If G is a finitely generated periodic group of spherical diffeomorphisms with
even bounded orders then G is finite.
Let Γ be a finite group, by a classical result of Kerekjarto and Eilenberg (see [3],[4], [5],
[10]), every topological action of Γ on the 2-sphere is conjugate to an orthogonal action (i.e
by orthogonal maps of O(3,R)).
Moreover, as it is explained in [13], if the finite group Γ acts smoothly on a closed surface,
Γ leaves invariant some Riemannian metric of constant curvature. Thus any action of Γ on
the 2-sphere is conjugate in Diff1(S2) to an orthogonal action. We will refer to this result
as the “folkloric” one.
Combining these results with Theorem 1 and Corollary 2 we have the following rigidity
result.
Corollary 4. Let Γ be a finitely generated periodic group.
1. If Γ acts by C1-diffeomorphisms of S2 with a finite orbit then it is conjugate in
Diff 1(S2) to a finite orthogonal group, that is a finite subgroup of O(3,R).
2. If Γ acts by orientation preserving homeomorphisms of S2 with a finite orbit of cardi-
nality at least 3, then it is conjugate to a finite orthogonal group.
We note that the only ”interesting compact surfaces” for studying Burnside Problem are
the sphere and the torus. In section 5 we will prove
Theorem 2. Any finitely generated periodic group acting by homeomorphisms on a compact
orientable surface S of genus g ≥ 2, is a finite group.
As it can be verified in Section 5, this kind of results for orientable compact surfaces are
consequences of well known results. One of them (see [5]) is that any periodic homeomor-
phism in any compact surface preserves a Riemannian metric of constant curvature. By
Killing-Hopf Theorem (see, for example section 6.2 of [17]) the curvature is -1 if the genus
of the surface is greater than one and it is 0 for the torus and it is 1 for the sphere.
As Katherine Mann showed us, the proof of Theorem 1 can be extended to any manifold,
so we have the following
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Theorem 3.
Let M be a compact riemannian manifold and let Γ be a finitely generated periodic group
of C1-diffeomorphisms of M . If Γ acts on M with a finite orbit or preserves a finite union
of circles then Γ is finite.
As consequence we get
Corollary 5.
Let Γ be a finitely generated periodic group of orientation preserving C1-diffeomorphisms
of S2. If Γ has a non trivial center Z(Γ) then Γ is finite.
Theorem 1 will be proved in sections 2, 3, 4 and section 5 is devoted to orientable
compact surfaces, in particular this section contains the proofs of Corollary 1 and Theorem
2. Theorem 3 and Corollary 5 will be proved in section 6. Corollary 3 will be proved in
section 7.
Acknowledgements. We are grateful to Andre´s Navas for proposing to us this subject
and for fruitful discussions. We thank K. Parwani for suggesting us the Burnside problem
on the closed annulus and the closed disk. We also thanks to F. Leroux, J. Franks and K.
Mann for several useful suggestions.
2. Classification of finite order orientation preserving spherical
homeomorphisms.
In this section, we recall the classification of finite order orientation preserving spherical
homeomorphisms of sphere up to conjugacy.
According to [3], [4], [5] or [10], a finite order spherical homeomorphism is conjugate to
an orthogonal map of O(3,R) and using the classification of elements in the orthogonal
group O(3,R), wet get the following definition and proposition.
Definition 2.1. A spherical homeomorphism is called quasi-rotation if it is conjugated
to a spherical rotation.
Proposition 2.1. A finite order, orientation preserving spherical homeomorphism is a
quasi-rotation and then if it is non trivial it has exactly two fixed points.
Remark 1. The “folkloric result” states that if the homeomorphism is a C1-diffeomorphism
then the conjugating map is also a C1-diffeomorphism.
As a corollary of Proposition 2.1, we get
Corollary 6. If Γ is a periodic group, then G the subgroup {g ∈ Γ : g is orientation
preserving } is exactly the set {g ∈ Γ : g is a quasi-rotation }. In particular, the subset of
Γ consisting in quasi-rotations is a subgroup.
3. Reduction to groups of rational quasi-rotations.
A direct consequence of the fact that the composition of two orientation reversing home-
omorphisms is orientation preserving, is
Lemma 3.1. Let Γ be a finitely generated periodic group of spherical homeomorphisms.
Then G, the subgroup of Γ consisting in quasi-rotations is of finite index in Γ. Hence, Γ is
finite if and only if G is finite.
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For proving Theorem 1, it is enough to prove that G is finite. This is the purpose of
the following section. Our proof consists in considering the following three cases: the case
where G has a global fixed point achieved in Proposition 4.1, the case where G has a finite
orbit of cardinality 2 proven in Proposition 4.2 and the remaining case where G has a finite
orbit of cardinality at least 3 showed in Proposition 4.3.
4. Burnside problem for groups of rational quasi-rotations.
Let G be a finitely generated periodic group of quasi-rotations of the sphere.
Definition 4.1. We denote by PG the set of points in S
2 that arise as fixed points of some
non trivial element of G.
Let x ∈ PG, we denote by StG(x) the stabilizer in G of x, that is the set:
StG(x) = {g ∈ G : g(x) = x}.
Lemma 4.1. The set PG is G-invariant and G =
⋃
x∈PG
StG(x).
Proof. Let x0 ∈ PG and g ∈ G. By definition, there exists f ∈ G such that f(x0) = x0. As
g ◦ f ◦ g−1(g(x0)) = g ◦ f(x0) = g(x0), it follows that g(x0) ∈ PG.
The second point is a direct consequence of the fact that any element in G admits a fixed
point (every non trivial quasi-rotation has exactly two fixed points). 
4.1. Groups acting with a global fixed point.
Definition 4.2. Let x ∈ S2, we define the following groups:
Diff1+(S
2) consisting in orientation preserving C1 spherical diffeomorphisms,
Diff1x(S
2) consisting in C1 spherical diffeomorphisms fixing x and
Diff1x,+(S
2) their intersection subgroup.
This section contains results on finitely generated periodic subgroups of Diff1x,+(S
2). Fur-
thermore, in the next section, we will apply these results in order to describe stabilizers of
points that might not be finitely generated.
Definition 4.3. Define the map D : Diff1x(S
2)→ GL(2, IR) by
D(g) = Dg(x) : R2 ≈ TxS
2 → R2 ≈ TxS
2, the differential map at x.
Lemma 4.2. The map D is a morphism and the image of a periodic subgroup of Diff1x,+(S
2)
is a periodic subgroup of SL(2, IR).
Proof. As D(fg)(x) = Df(g(x))Dg(x) = Df(x)Dg(x) for any f , g in Diff1x,+(S
2), D is a
morphism. Moreover, D(g) has finite order provided that g has.
Let g be a finite order element in Diff1x,+(S
2). By Proposition 2.1 and Remark 1, there
exist a spherical diffeomorphism h and a spherical rational rotation Rα such that g =
h−1Rαh. Without loss of generality, we can assume that h(x) = x and Rα(x) = x.
Indeed, if not y := h(x) 6= x. There exists a spherical rotation Rβ such that Rβ(y) = x
and therefore Rβh(x) = x and we can rewrite g = (Rβh)
−1(RβRαR
−1
β )(Rβh).
Thus g = H−1R′αH , where H = Rβh fixes x and R
′
α = RβRαR
−1
β is a spherical rotation
and R′α(x) = HgH
−1(x) = Hg(x) = H(x) = x.
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Finally, we have D(g) = D(h)−1D(Rα)D(h), since D is a morphism. The linear map
D(Rα) is the planar rotation of angle α, then D(g) has determinant equal to 1 so it belongs
to SL(2, IR). 
Proposition 4.1. Let G be a finitely generated periodic subgroup of Diff1x,+(S
2). Then G
is finite and abelian.
Proof. The set D(G) is a finitely generated periodic subgroup, since it is the image by a
morphism of G satisfying these properties. According to Schur’s theorem ([18]), as D(G)
is a finitely generated periodic subgroup of SL(2, IR), it is finite then it is compact.
The classification of compact subgroups of SL(2, IR) states that D(G) is conjugated to
a subgroup of SO(2, IR) consisting in linear planar rotations (see for example [11]), hence
D(G) is abelian.
As a consequence, for any f, g in G, D([f, g]) = Id, where [f, g] = fgf−1g−1 is the
commutator of f and g.
Finally, [f, g] = hRαh
−1, since it is a quasi-rotation. Then D([f, g]) = D(hRαh
−1) =
D(h)D(Rα)D(h)
−1 = Id and therefore D(Rα) = Id so α = 0 and Rα = Id. Hence
[f, g] = Id.
Consequently G is a periodic, finitely generated and abelian group. It follows that G
finite. 
4.2. G has a finite orbit of cardinality 2.
An important ingredient in this case is the following lemma concerning stabilizers of
points. As a consequence of Proposition 4.1, we have
Lemma 4.3. Let x0 ∈ PG and G
′ be a periodic subgroup of Diff1x0,+(S
2), then G′ is an
abelian group and its elements have the same two fixed points. Moreover, any finitely
generated subgroup of G′ is finite and conjugated to a group of rational spherical rotations
of same axis.
In particular, if G is a finitely generated periodic subgroup of Diff1+(S
2), the subgroup
G′ := StG(x0) is an abelian group.
Proof. Let f , g in G′ . The group < f, g > generated by f and g is a finitely generated
periodic subgroup of Diff1+(S
2) that fixes x0. Hence, according to Proposition 4.1, < f, g >
is finite and abelian. Consequently, f and g commute.
Moreover, fgf−1 = g implies that Fix(g) = f(Fixg). Let y 6= x be the second fixed
point of the quasi-rotation g. Then Fix(g) = {x, y} = {f(x) = x, f(y)}, then f(y) = y.
Any finitely generated subgroup of G′ is abelian and periodic, so it is a finite subgroup of
Diff1+(S
2). By the folkloric result, it is C1-conjugated to a subgroup of rational rotations.

Proposition 4.2. If G is a finitely generated periodic subgroup of C1 quasi-rotations. If G
has a finite orbit of cardinality 2, then G is finite.
Proof. Let x0 be a point with G-orbit of cardinality 2. We write OG(x0) = {x0, x
′
0}.
By Corollary 4.3, StG(x0) is abelian.
We claim that [G,G], the first derivated subgroup of G, is contained in StG(x0).
Let g ∈ G, we have g(x0) ∈ OG(x0) = {x0, x
′
0} and g(x
′
0) ∈ OG(x0) = {x0, x
′
0}. Noting
that if g(x0) = x
′
0 then g
−1(x0) = x
′
0, it is easy to check that [f, g](x0) = f
−1g−1fg(x0) = x0,
in all possible cases.
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We conclude that [G,G] is abelian, this means that [[G,G], [G,G]], the second derivated
group of G, is trivial.
The last part of this proof is a general fact for finitely generated groups generated by
s finite order elements g1, ..., gs: “any element of G can be written g = g
p1
1 ....g
ps
s C, where
C ∈ [G,G] and pi ≥ 0 is bounded by the order of gi.” So the index of [G,G] in G is
bounded by the product of the orders of g1, ..., gs. Moreover, Schreier’s lemma states that
any subgroup of finite index in a finitely generated group is finitely generated. This implies
that [G,G] is also finitely generated.
Here, as G is a periodic group then [G,G] is a finitely generated periodic group. In partic-
ular, it is generated by finite order elements. Hence, last argument shows that [[G,G], [G,G]]
has finite index in [G,G] which has finite index in G. Finally [[G,G], [G,G]] has finite index
in G. But, we also have shown that [[G,G], [G,G]] is trivial, so G is finite. 
Remark 2. Under the hypotheses that G is a finitely generated periodic group of homeomor-
phisms, #PG = 2 and G preserves a probability measure on S
2 \ PG, analogous arguments
as those developed in [8] show that G is finite and abelian.
A sketch of the proof of last Remark is the following: G acts on the open annulus S2 \PG
and preserves a measure. Hence, we can define the rotation map ρ : G → S1; the number
ρ(g) coincides with the angle of a rotation conjugated to g. As in [8], one shows that ρ is a
morphism. Therefore, it vanishes on commutators. Then any commutator is conjugate to
a rotation of angle 0, so it is trivial. It follows that G is abelian and since it is also finitely
generated and periodic, it is finite.
4.3. G has a finite orbit of cardinality at least 3.
Proposition 4.3. Let G be a finitely generated periodic subgroup of quasi-rotations. If G
admits a finite orbit of cardinality at least 3, then G is finite.
Proof. Let x0 ∈ S
2 having a finite G-orbit.
As #OG(x0) ≥ 3, we can write OG(x0) = {x0 = g0(x0), x1 = g1(x0), ..., xn = gn(x0)},
with distinct xi and n ≥ 2.
We first claim that if G is not finite, then x0 ∈ PG.
Indeed, as G is not finite, there exists f /∈ {Id = g0, g1, ..., gn}. Since f(x0) ∈ OG(x0),
there exists i such that f(x0) = gi(x0), and then x0 is fixed by g
−1
i f .
We secondly prove that StG(x0) is a finite group.
If StG(x0) is not a finite group, we write StG(x0) = {fn, n ∈ N}, where fn 6= fm if n 6= m.
As OG(x0) is finite, there are infinitely many fsn, n ∈ N such that fsn(x1) = fsm(x1), for
any n,m. Then f−1s0 ◦ fsn(x1) = x1 and so Fn = f
−1
s0
◦ fsn fixes x0 and x1.
Analogously, there exist infinitely many Fkn, n ∈ N such that Fkn(x2) = Fkm(x2), for any
n,m. Then F−1k0 ◦ Fkn(x2) = x2 and so F
−1
k0
◦ Fkn fixes x0, x1 and x2.
Consequently, F−1k0 ◦ Fkn = Id, since a non trivial quasi-rotation has exactly two fixed
points. Finally, Fk0 = Fkn , for any n ∈ IN . This is a contradiction. Hence StG(x0) is finite.
Finally, we conclude that G is finite, by proving that G =
n⋃
i=0
gi(StG(x0)): let g ∈ G, as
g(x0) ∈ OG(x0), there exists i such that g(x0) = gi(x0). Hence g
−1
i g ∈ StG(x0) and then
g ∈ gi(StG(x0)). 
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5. Burnside problem for groups of homeomorphisms of the remain
surfaces.
In this section we prove that a finitely generated periodic group of homeomorphism of
the closed disk is finite. We also prove Corollary 1 and Theorem 2.
5.1. Burnside problem for groups of homeomorphisms of the closed 2-disk.
Let Γ be a finitely generated periodic subgroup of homeomorphisms of D2 and let C =
∂D2. As C is invariant by Γ, according to the positive answer to the Burnside problem on
the circle, Γ acts as an abelian and finite group on C and this action is faithful since any
periodic homeomorphism on D2 whose restriction to C is the identity is the identity (see
[3]). As a consequence, Γ is an abelian and finite group.
5.2. Burnside problem for groups of homeomorphisms of the closed annulus
(Corollary 1).
First Proof using Burnside Problem on T2.
Let Γ be a finitely generated periodic subgroup of Homeo(A2). We can form T2 the
double of A2 by gluing two copies of A2: A1 and A2 along their boundary.
Let g ∈ Γ, we denote by gi its corresponding map on Ai. We define the double g˜ of
g on T2 by g˜ = gi(x) if x ∈ Ai. By construction g˜ is a finite order (same order as g)
homeomorphism that preserves the gluing boundary C and the induced action of Γ (g 7→ g˜)
is faithful.
Therefore Γ acts on C as a finitely generated periodic group and its subgroup preserving
each boundary component is of index at most 2. According to the positive answer to the
Burnside problem on the circle, this subgroup acts on each component as a finite group and
the same holds for Γ. We conclude that Γ acts on T2 with a finite orbit. In particular Γ
acts faithfully and preserving a probability measure on T2, the main theorem of [8] implies
that Γ is finite.
Second Proof. Let g ∈ Γ. Any finite order homeomorphism on the closed annulus is
an isometry for some flat Riemannian metric (see [5] and [17]). Let Γ0 be the subgroup of
Γ consisting in homeomorphisms that preserve any connected component of the boundary.
It is of finite index, so for proving that Γ is finite it suffices to prove that its subgroup Γ0,
is finite. Let C1 and C2 be the connected components of the boundary. As Ci is invariant
by Γ0, Γ0 acts as an abelian and finite group on Ci and this action is faithful, since an
orientation preserving isometry on closed annulus is a rotation about the central axis, if it
is equal to identity on C1 ∪ C2, then it is the identity on the annulus.
The forthcoming subsections provide the proof of Theorem 2.
5.3. Burnside problem for groups of homeomorphisms of a closed orientable
surface S of genus g greater than one.
Let Γ be a finitely generated periodic subgroup of homeomorphisms of S.
Any finite order homeomorphism on the S is an isometry for some Riemannian metric of
constant curvature equal to −1 (see [5] and [17]).
Let φ : Γ→ GL(2g,Z) be the homology morphism.
The image φ(Γ) is a finitely generated periodic subgroup of GL(2g,Z), hence it is finite,
according to Schur’s theorem.
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We will use a strong result: there is no torsion element in the Torelli’s group, that is,
any homeomorphism homologous to identity whose isotopic class is periodic is isotopic to
identity (see, for example, Theorem 6.12 of [6]).
Then the kernel of φ consists in isometries isotopic to identity. But, the only isometry
isotopic to identity that preserves orientation is the identity (see [6] proof of Proposition
7.7). Since the subgroup of isometries isotopic to identity that preserve orientation is of
finite index in the group of isometries isotopic to identity, it follows that the kernel of φ is
also finite. As a consequence, Γ is finite.
5.4. Burnside problem for groups of homeomorphisms of a compact orientable
surface S whose boundary has more than three circles.
Let Γ be a finitely generated periodic subgroup of homeomorphisms of S. Γ preserves
the boundary of S, that is, an union of circles.
We can form the double of S, Ŝ, by gluing two copies of S: S1 and S2 along their
respective boundaries γ1 and γ2.
Let g ∈ Γ, we denote by gi its corresponding map on Si. We define the double g˜ of g on Ŝ
by g˜ = gi(x) if x ∈ Si. By construction g˜ is a finite order (same order as g) homeomorphism
that preserves the gluing boundary C and the induced action of Γ (g 7→ g˜) is faithful on the
compact surface Ŝ of genus greater than one. By last subsection we have that Γ is finite.
6. Proof of Theorem 3 and Corollary 5.
Proof of Theorem 3.
1. Let Γ be a finitely generated periodic group of diffeomorphisms of a compact manifold
M of dimension n. Suppose that Γ acts on M with a finite orbit.
Claim 1. There exists x0 ∈ M such that Γ0 = StΓ(x0) is a finite index, finitely generated
periodic subgroup of Γ.
Proof. Let Ox0 = {x0, x1, ..., xm} be a finite Γ-orbit. For i ∈ {0, ..., m}, we write xi = gi(x0),
where gi ∈ Γ and g0 = IdM .
Let g ∈ Γ, as g(x0) ∈ Ox0 there exists some i ∈ {0, ..., m} such that g(x0) = gi(x0).
Therefore g−1i g(x0) = x0 that is g ∈ gi(StΓ(x0)).
In conclusion, G =
m⋃
i=0
gi(StΓ(x0)), meaning that StΓ(x0) has finite index in G ; according
to Schreier’s Lemma it is finitely generated. 
Remark 3. As a consequence of this claim, for proving that Γ is finite it suffices to prove
that its subgroup Γ0, acting with a global fixed point on M , is finite. This is the purpose of
the next proposition.
Proposition 6.1. Let Γ0 be finitely generated periodic group of diffeomorphisms of M . If
Γ0 acts on M with a global fixed point then Γ0 is finite
Proof. Consider the map D : Γ0 → GL(n, IR), where D(g) = Dg(x0) is the differential map
of g at x0 (after identification of Tx0M to R
n).
It is easy to see that the map D is a morphism and it is faithful. Indeed, let g ∈ Γ0 such
that D(g) = Id. We have already noted that g is an isometry for some Riemannian metric
(mg) on M . Since an isometry is uniquely determined by its value and its differential at a
single point, we get that g = IdM .
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Then Γ0 is isomorphic to its image D(Γ0) which is a finitely generated periodic subgroup
of GL(n, IR), hence finite, according to Schur’s theorem. This concludes the case where Γ
acts with a finite orbit on M
2. Let Γ be a finitely generated periodic group of diffeomorphisms of a compact manifold
M . Suppose that Γ preserves a finite union of circles on M .
By an analogous argument to Claim 1, it suffices to prove that a finitely generated
periodic subgroup of diffeomorphisms of M that preserves a circle is finite. According to
the positive answer to the Burnside problem on the circle, Γ admits a finite orbit (on its
invariant circle) so by part 1 it is finite. 
Proof of Corollary 5.
Let f be a non trivial central element of Γ, a finitely generated periodic subgroup of
Diff 1(S2). As f commutes with any g in Γ, the set Fixf consisting of its fixed points is
G-invariant. The classification of finite order homeomorphisms of S2 indicates that Fixf
is either finite or a circle. Hence, Theorem 3 implies that Γ is finite. 
7. Groups of even bounded orders
The aim of this section is proving Corollary 3.
Let G be a finitely generated periodic group of spherical diffeomorphisms with even
bounded orders. The subgroup of orientation preserving elements of G is a group with
even bounded orders of index at most 2 in G, then we can suppose that G consists in C1
quasi-rotations, in particular any non trivial element of G has exactly two fixed points.
According to the classification of the finite subgroups of Diff 1+(S
2) and the fact that
alternating groups A4, A5 and symmetric group S4 contain elements of order 3, a finite
group with even orders of orientation preserving spherical diffeomorphisms is either
(1) a cyclic group Z/mZ where m = 2p, p ∈ N or
(2) a diedral group Dm =< σ, τ |σ
2 = τm = 1, στσ = τ−1 >
=< σ, σ′|σ2 = (σ′)2 = (σσ′)m = 1 >, m = 2p, p ∈ N.
Note that a group with even orders always contains involutions (elements of order 2) and
let us denote Inv(G) = {σ ∈ G \ Id : σ2 = 1} and Z(σ) the centralizer of σ in G, that is
Z(σ0) = {f ∈ G : fσ0 = σ0f}.
Lemma 7.1.
Let G be a finitely generated periodic group of orientation preserving spherical diffeomor-
phisms with even bounded orders.
(1) Let σ0 ∈ Inv(G), the set Z(σ0) ∩ Inv(G) is finite,
(2) Inv(G) is finite.
Proof. Let us write Z(σ0) ∩ Inv(G) = {in, n ∈ N}, where i0 = σ0.
Fix n ∈ N, the group Gn generated by i0, ..., in is finitely generated and fixes the set
Fix(i0) (since ik commutes with i0), then it is finite, by Theorem 1. Therefore this group
is either a cyclic group or a diedral group and {Id} ⊂ G0 =< i0 >⊂ · · · ⊂ Gn ⊂ Gn+1 · · · .
This sequence stabilizes at some rank n0, since G is of bounded orders. That is, for all
n ≥ n0 one has Gn = Gn0 , hence in ∈ Gn0, ∀n ≥ n0 and therefore Z(σ0) ∩ Inv(G) is finite.
We now prove item 2. Suppose by contradiction that there exists in G an infinite sequence
of involutions σ1, · · · , σn, · · · .
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For all n ∈ N, the group < σ0, σn > is either cyclic or diedral. Therefore it contains an
involution in that commutes with σ0 and σn (in = σ0 in the cyclic case or in = (σ0σn)
mn
2 in
the diedral case < σ0, σn >= Dmn).
Since Z(σ0) ∩ Inv(G) is finite, we can suppose (eventually passing to an infinite subse-
quence of (σn)) that in = i, for all n.
Finally, i commutes with all σn, that is {σn, n ∈ N} ⊂ Z(i) ∩ Inv(G) which is finite by
item 1, that is a contradiction. 
End of proof of Corollary 3.
Applying Lemma 7.1, we obtain that Inv(G) and therefore Fix(Inv(G)) = {x ∈ S2 :
σ(x) = x, for some σ ∈ Inv(G)} are finite sets.
As Fix(fσf−1) = f(Fix(σ)) and fσf−1 ∈ Inv(G) for all f ∈ G, the finite set Fix(Inv(G))
is non empty and G-invariant. By Theorem 1, G is finite. 
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